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STRUCTURE, EXAMPLES AND CLASSIFICATION FOR
GENERALIZED NEAR-GROUP FUSION CATEGORIES
JINGCHENG DONG AND HUA SUN
Abstract. We describe the structure of a generalized near-group fu-
sion category and present an example of this class of fusion categories
which arises from the extension of a Fibonacci category. We then clas-
sify slightly degenerate generalized near-group fusion categories. We
also prove a structure result for braided generalized Tambara-Yamagami
fusion categories.
1. Introduction
Let C be a fusion category, and let G be the group generated by in-
vertible simple objects of C. Then there is an action of G on the set of
non-isomorphic non-invertible simple objects by left tensor product. If this
action is transitive then C is called a generalized near-group fusion category
in [21].
Let C be a generalized near-group fusion category and let X,Y be non-
invertible simple objects in C. Then X ⊗ X∗ and Y ⊗ Y ∗ admit the same
decompositions (see Section 3):
X ⊗X∗ = Y ⊗ Y ∗ =
⊕
h∈Γ
h⊕ k1X1 ⊕ · · · ⊕ knXn,
where {X1, · · · ,Xn} is a full list of non-isomorphic non-invertible simple ob-
jects of C, Γ is the stabilizer of X under the action of G. In this case, we say
that C is a generalized near-group fusion category of type (G,Γ, k1, · · · , kn).
In the thesis [21], Thornton obtained some basic results and classified
generalized near-group fusion categories when they are symmetric or mod-
ular. In this paper, we will continue to study generalized near-group fusion
categories.
Let C be a generalized near-group fusion category of type (G,Γ, k1, · · · , kn).
Roughly speaking, we can divide generalized near-group fusion categories C
into two classes according to whether (k1, · · · , kn) is 0 or not. If (k1, · · · , kn) =
0 then C is a generalized Tambara-Yamagami fusion category. This class of
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fusion categories were introduced in [14], and then were further studied in
[18].
If (k1, · · · , kn) 6= 0 then the adjoint subcategory Cad of C is not pointed,
and hence it is also a generalized near-group fusion category, see Proposi-
tion 3.5. Moreover, there is a 1-1 correspondence between the non-pointed
fusion subcategories and the subgroups of the universal grading group, see
Proposition 3.6. Hence Cad is the smallest non-pointed fusion subcategory
of C. Let X ∈ Cad be a non-invertible simple object. Then X ⊗ X∗ also
admits the decomposition ⊕h∈Γh⊕ k1X1 ⊕ · · · ⊕ knXn. So the adjoint sub-
category (Cad)ad of Cad is also non-pointed, since (k1, · · · , kn) 6= 0. It follows
that the universal grading group of Cad is trivial, since Cad is the smallest
non-pointed fusion subcategory of C. This shows that C is an extension of a
smaller generalized near-group fusion category with trivial grading. There-
fore, the problem of classifying generalized near-group fusion categories is
reduced to classifying such fusion categories with trivial universal grading.
In general, an extension of a generalized near-group fusion category with
trivial grading is not necessary a generalized near-group fusion category, see
Remark 3.11. Hence it is interesting to decide whether an extension of a
generalized near-group fusion category is again a generalized near-group fu-
sion category or not. A Fibonacci category is a non-pointed fusion category
of rank 2. It can be viewed as the easiest generalized near-group fusion
category with (k1, · · · , kn) 6= 0. Our result shows that any extension of a
Fibonacci category is a generalized near-group fusion category, see Remark
4.4. In addition, any extension C of a Fibonacci category F admits an exact
factorization C = F • Cpt, where Cpt is the largest pointed fusion subcat-
egory of C. The notion of an exact factorization of a fusion category was
introduced in [12].
As we have mentioned, modular generalized near-group fusion categories
have been classified by Natale and Thornton. The next level of complexity
is to classify slightly degenerate ones. Suppose that C is a slightly degen-
erate fusion category. Then |G(C)| = |U(C)| or |G(C)| = 2|U(C)|, where
G(C) is the group generated by invertible simple objects of C, U(C) is the
universal grading group of C, see Proposition 2.8. Using this fact, we ob-
tain that a slightly degenerate generalized near-group fusion category with
(k1, · · · , kn) = 0 is in fact an extension of a pointed fusion category of rank
2. Hence we can adopt the result from [5]. If C is a slightly degenerate
fusion category with (k1, · · · , kn) 6= 0, then the adjoint subcategory Cad is
either a Fibonacci category, or a slightly degenerate category of the form
C(psl2, qt, 8) with q = e
pii
8 and (t, 2) = 1, see [2] for the details on fusion
categories C(psl2, qt, 8). Then we can get the decomposition of C by the
Mu¨ger decomposition theorem. Our main result is listed below (The fusion
category IN,ζ is constructed in [5] ).
Theorem 1.1. Let C be a slightly degenerate generalized near-group fusion
category. Then C is exactly one of the following:
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(1) C ∼= IN,ζ ⊠B, for some N > 2, where ζ ∈ k× is a primitive 2N th root
of 1, and B is a braided pointed fusion category.
(2) C ∼= Cad ⊠ Cpt, where Cad is a Fibonacci category.
(3) C ∼= Cad ⊠ B, where Cad is a slightly degenerate fusion category of the
form C(psl2, qt, 8) with q = e
pii
8 and (t, 8) = 1, B is a non-degenerate pointed
fusion category.
In [18], non-degenerate generalized Tambara-Yamagami fusion categories
have been classified by Natale. In this paper, we continue to study braided
generalized Tambara-Yamagami fusion categories. A first observation shows
that the classification of braided generalized Tambara-Yamagami fusion cat-
egories C is reduced to the case when FPdim(C) is a power of 2. It turns
out we can get second main result below.
Theorem 1.2. Let C be a braided generalized Tambara-Yamagami fusion
category of dimension 2n. Then
(1) Suppose that C is integral and cd(C) = {1, 2i}. Then C is a G-
equivariantization of a pointed fusion category, where G is an Abelian group
of order 22i−1. In particular, C is group-theoretical.
(2) Suppose that C is not integral and cd(C) = {1, 2i√2}. Then C is a
G-equivariantization of some IN,ζ⊠B, where G is an Abelian group of order
22i−1, and B is a braided pointed fusion category.
The paper is organized as follows. In Section 2, we discuss some basic no-
tions and results on fusion categories that will be used throughout the paper.
In Section 3, we describe the structure of a generalized near-group fusion
category. In Section 4, we present an example of a generalized near-group
fusion category which arises from the extension of a Fibonacci category. In
Section 5, we classify slightly degenerate generalized near-group fusion cate-
gories. In Section 6, we study the structure theorem for braided generalized
Tambara-Yamagami fusion categories. Throughout this paper, we will work
over an algebraically closed field k of characteristic 0.
2. Preliminaries
A fusion category C is a k-linear semisimple rigid tensor category with
finitely many isomorphism classes of simple objects, finite-dimensional vec-
tor space of morphisms and the unit object 1 is simple.
2.1. Invertible simple objects. Let C be a fusion category and let K(C)
be the Grothendieck ring of C. Then the set Irr(C) of isomorphism classes
of simple objects in C is a basis of K(C). The Frobenius-Perron dimen-
sion of X ∈ Irr(C) is the Frobenius-Perron eigenvalue of the matrix of left
multiplication by X in the basis Irr(C).
The Frobenius-Perron dimension of C is defined by
FPdim(C) =
∑
X∈Irr(C)
FPdim(X)2.
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A simple object X ∈ C is called invertible if X⊗X∗ ∼= 1, where X∗ is the
dual of X. This implies that X is invertible if and only if FPdim(X) = 1.
A fusion category C is called pointed if every element in Irr(C) is invertible.
Let Cpt be the fusion subcategory generated by all invertible simple objects
in C. Then Cpt is the largest pointed fusion subcategory of C.
Lemma 2.1. Let C be a fusion category, and let g be an invertible simple
object of C. Then g ⊗X is again a simple object for every simple object X
of C.
Proof. If g ⊗X admits a decomposition U ⊕ V then
X ∼= g∗ ⊗ g ⊗X ∼= g∗ ⊗ (U ⊕ V ) ∼= (g∗ ⊗ U)⊕ (g∗ ⊗ V ).
This contradicts the fact that X is simple. 
Let C be a pointed fusion category and let X,Y ∈ Irr(C). Then X ⊗ Y
also lies in Irr(C) by Lemma 2.1. This property endows G := Irr(C) the
structure of a finite group with multiplication given by tensor product. The
inverse of X ∈ G is its dual X∗. The pointed fusion category C is classified
by the group G and a cohomology class ω ∈ H3(G, k∗), see [3]. We denote
such a fusion category by VecωG.
Let C be a fusion category, and letG(C) be the group generated by Irr(Cpt).
Then there is an action of G(C) on the set Irr(C) by left tensor product by
Lemma 2.1. Let G[X] be the stabilizer of any X ∈ Irr(C) under this action.
Then
1 = dimHom(g ⊗X,X) = dimHom(g,X ⊗X∗)
shows that g appears in the decomposition of X ⊗X∗ with multiplicity 1.
Hence for any simple object X, we have a decomposition
X ⊗X∗ =
⊕
g∈G[X]
g ⊕
∑
Y ∈Irr(C)−G[X]
dimHom(Y,X ⊗X∗)Y.
(2.1)
For any g ∈ G(C), X ∈ Irr(C), (g⊗X)⊗ (g⊗X)∗ ∼= g⊗ (X ⊗X∗)⊗ g−1.
This fact implies the following lemma.
Lemma 2.2. For any g ∈ G(C), X ∈ Irr(C), we have G[g⊗X] = gG[X]g−1.
2.2. Group grading of a fusion category. Let G be a finite group. A G-
graded fusion category is a fusion category C admitting a direct sum of full
abelian subcategories C = ⊕g∈GCg such that (Cg)∗ = Cg−1 and Cg⊗Ch ⊆ Cgh
for all g, h ∈ G. This grading is called faithful if Cg 6= 0 for all g ∈ G. We
say C is a G-extension of D if C = ⊕g∈GCg admits a faithful grading such
that D is equivalent the trivial component Ce.
By [9, Proposition 8.20], if C is a G-extension of D then
FPdim(Cg) = FPdim(Ch), FPdim(C) = |G|FPdim(D),∀g, h ∈ G.(2.2)
Let C be a fusion category. The adjoint subcategory Cad of C is the full
subcategory generated by simple objects in X ⊗ X∗ for all X ∈ Irr(C). It
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is well known that C has a canonical faithful grading C = ⊕g∈U(C)Cg with
trivial component Ce = Cad. This grading is called the universal grading of
C, and U(C) is called the universal grading group of C. Let C = ⊕g∈GCg
be any grading of C. Then the trivial component Ce contains Cad by [13,
Corollary 3.7].
2.3. Braided fusion categories. A braided fusion category C is a fusion
category admitting a braiding c, where the braiding is a family of natural
isomorphisms: cX,Y :X ⊗ Y → Y ⊗X satisfying the hexagon axioms for all
X,Y ∈ C.
Let C be a braided fusion category and D ⊆ be a fusion subcategory
of C . The centralizer D′ of D is the full subcategory generated by {X ∈
C|cY,XcX,Y = idX⊗Y ,∀ Y ∈ D}. The Mu¨ger center Z2(C) of C is the cen-
tralizer C′ of C. The fusion category C is called non-degenerate if Z2(C) is
equivalent to the trivial category Vec. The fusion category C is called slightly
degenerate if Z2(C) is equivalent to the category sVec of super-vector spaces.
A braided fusion category C is called symmetric if Z2(C) = C. A symmet-
ric fusion category C is called Tannakian if it is equivalent to the category
Rep(G) of finite-dimensional representations of a finite group G, as braided
fusion categories. The following result is due to Drinfeld et al.
Theorem 2.3. [7, Corollary 2.50] Let C be a symmetric fusion category.
Then one of following holds:
(1) C is Tannakian;
(2) C is an Z2-extension of a Tannakian subcategory.
Let B be a fusion subcategory of a braided fusion category C. The com-
mutator of B is the fusion subcategory Bco generated by all simple objects
X ∈ C such that X ⊗X∗ ∈ B.
Lemma 2.4. Let C be a braided fusion category. Then the largest pointed
fusion subcategory (Cad)pt of Cad is a symmetric category.
Proof. Applying [7, Proposition 3.25], we obtain that (Cad)′ = (C′)co which
contains Cpt as a fusion subcategory, by the definition of a commutator. The
Mu¨ger center of Cad is Cad
⋂
(Cad)′ which thus contains Cad
⋂ Cpt = (Cad)pt.
Hence (Cad)pt is a symmetric category. 
The following theorem is known as the Mu¨ger Decomposition Theorem,
since it is due to Mu¨ger [16, Theorem 4.2] when C is modular.
Theorem 2.5. [7, Theorem 3.13] Let C be a braided fusion category and
D be a non-degenerate subcategory of C. Then C is braided equivalent to
D ⊠D′, where D′ is the centralizer of D in C.
For a pair of fusion subcategories A,B of D, we use A ∨ B to denote the
smallest fusion subcategory of C containing A and B. The following result
will be frequently used in our proof.
6 JINGCHENG DONG AND HUA SUN
Lemma 2.6. [7, Corollary 3.11] Let C be a braided fusion category. If D is
any fusion subcategory of C then D′′ = D ∨ Z2(C).
Proposition 2.7. Let C be a non-degenerate fusion category. Then |G(C)| =
|U(C)|.
Proof. By [7, Theorem 3.14] and the non-degeneracy of C, we have
FPdim(Cad) FPdim(C′ad)
=FPdim(C) FPdim(Cad ∩ Z2(C))
=FPdim(C).
By [7, Corollary 3.27], we have FPdim(Cpt) = FPdim(C′ad). This in-
duces an equation FPdim(Cad) FPdim(Cpt) = FPdim(C). On the other
hand, FPdim(C) = |U(C)|FPdim(Cad) (see Subsection 2.2). Hence |G(C)| =
FPdim(Cpt) = |U(C)|. 
Proposition 2.8. Let C be a slightly degenerate braided fusion category.
Then one of the following holds true.
(1) |G(C)| = |U(C)|. If this is the case then Z2(C) * Cad.
(2) |G(C)| = 2|U(C)|. If this is the case then Z2(Cad) = Z2(C′ad) contains
the category sVec.
Proof. By [7, Proposition 3.29], C′ad = Cpt. Hence [7, Theorem 3.14] shows
that
FPdim(Cad) FPdim(Cpt)
= FPdim(Cad) FPdim(C′ad)
= FPdim(C) FPdim(Cad ∩ Z2(C)).
Since Cad ∩Z2(C) is a fusion subcategory of Z2(C) = sVec, we have Cad ∩
Z2(C) = Vec or sVec.
If Cad ∩ Z2(C) = Vec then
FPdim(Cad) FPdim(Cpt) = FPdim(C) = FPdim(Cad)|U(C)|.
Hence |G(C)| = FPdim(Cpt) = |U(C)|. In this case Z2(C) * Cad since Cad ∩
Z2(C) = Vec.
If Cad ∩ Z2(C) = sVec then
FPdim(Cad) FPdim(Cpt) = 2FPdim(C) = 2FPdim(Cad)|U(C)|.
Hence |G(C)| = FPdim(Cpt) = 2|U(C)|. Moreover, in this case we have
Z2(Cad) = Cad ∩ C′ad = Cad ∩ Cpt ⊇ Cad ∩ sVec = sVec .
By Lemma 2.6, we have
Z2(C′ad) = C
′
ad ∩ C
′′
ad = C
′
ad ∩ (Cad ∨ Z2(C))
= (C′ad ∩ Cad) ∨ Z2(C) = Z2(Cad) ∨ Z2(C)
= Z2(Cad).
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The third equation follows from [7, Lemma 5.6], C being braided and the
fact that Z2(C) = sVec is contained in C′ad = Cpt. The last equation follows
from the fact that Z2(C) = sVec is a fusion subcategory of Z2(Cad). 
Corollary 2.9. Let C be a slightly degenerate braided fusion category with
trivial universal grading. Then we have
(1) Cpt = sVec.
(2) The stabilizer G[X] is trivial for every X ∈ Irr(C).
Proof. (1) By Proposition 2.8 and the assumption that U(C) is trivial, we
have FPdim(Cpt) = 1 or 2. On the other hand, Z2(C) = sVec is a fusion
subcategory of Cpt. Hence FPdim(Cpt) = 2 and Cpt = sVec.
(2) Let δ be the unique non-trivial simple object generating Z2(C) = Cpt.
By [16, Lemma 5.4], δ ⊗X ≇ X for every X ∈ Irr(C). Therefore, G[X] is
trivial for every X ∈ Irr(C). 
2.4. Equivariantizations and de-equivariantizations. Let C be a fu-
sion category with an action of a finite group G. We then can define a new
fusion category CG of G-equivariant objects in C. An object of this category
is a pair (X, (ug)g∈G), where X is an object of C, ug : g(X) → X is an
isomorphism for all g ∈ G, such that
ugh ◦ αg,h = ug ◦ g(uh),
where αg,h : g(h(X)) → gh(X) is the natural isomorphism associated to the
action. Morphisms and tensor product of equivariant objects are defined in
an obvious way. This new category is called the G-equivariantization of C.
In the other direction, let C be a fusion category and let E = Rep(G) ⊆
Z(C) be a Tannakian subcategory that embeds into C via the forgetful func-
tor Z(C)→ C. Here Z(C) denotes the Drinfeld center of C. Let A = Fun(G)
be the algebra of functions on G. It is a commutative algebra in Z(C). Let
CG denote the category of left A-modules in C. It is a fusion category and
called the de-equivariantization of C by E . See [7] for details on equivari-
antizations and de-equivariantizations.
Equivariantizations and de-equivariantizations are inverse to each other:
(CG)G ∼= C ∼= (CG)G,
and their Frobenius-Perron dimensions have the following relations:
FPdim(C) = |G|FPdim(CG) and FPdim(CG) = |G|FPdim(C).(2.3)
3. Structure of generalized near-group fusion categories
In the rest of this paper, we assume that the fusion categories involved is
not pointed, unless other stated.
Let C be a fusion category. Recall from Section 2.1 that G := G(C) acts
on Irr(C) by left tensor product.
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Definition 3.1. A generalized near-group fusion category is a fusion cate-
gory C such that G transitively acts on the set Irr(C)−G.
Let C be a generalized near-group fusion category. For simplicity, we
assume that {X1, · · · ,Xn} = Irr(C)−G is a full list of non-isomorphic non-
invertible simple objects of C. By equation 2.1, we may assume
X1 ⊗X∗1 =
⊕
h∈Γ
h⊕ k1X1 ⊕ · · · ⊕ knXn,(3.1)
where Γ = G[X1] is the stabilizer of X1 under the action of G, k1, · · · , kn
are non-negative integers.
Lemma 3.2 and Proposition 3.5 are also obtained in [21]. We include their
proofs for the sake of completeness
Lemma 3.2. Let C be a generalized near-group fusion category. Then the
fusion rules of C are determined by:
(1) For any 1 ≤ i ≤ n, we have
Xi ⊗X∗i = X1 ⊗X∗1 .
(2) For any 1 ≤ i, j ≤ n, there exists gij ∈ G such that
Xi ⊗Xj =
⊕
h∈Γ
gijh⊕ k1(gij ⊗X1)⊕ · · · ⊕ kn(gij ⊗Xn).
Proof. (1) Since G transitively acts on Irr(C) − G(C), there exists gi ∈ G
such that X∗i = gi ⊗X∗1 for any i. Then
Xi ⊗X∗i ∼= X∗∗i ⊗X∗i ∼= (gi ⊗X∗1 )∗ ⊗ (gi ⊗X∗1 )
∼= X1 ⊗ g∗i ⊗ gi ⊗X∗1 ∼= X1 ⊗X∗1 .
(2) For any i, j, there exist gij ∈ G such that Xi ∼= gij ⊗X∗j . Then
Xi ⊗Xj ∼= gij ⊗X∗j ⊗Xj ∼= gij ⊗ (
⊕
h∈Γ
h⊕ k1X1 ⊕ · · · ⊕ knXn)
∼=
⊕
h∈Γ
gijh⊕ k1(gij ⊗X1)⊕ · · · ⊕ ks(gij ⊗Xn).

Let G,Γ and k1, · · · , kn be the data associated to C as in Lemma 3.2. We
shall say C is a generalized near-group fusion category of type (G,Γ, k1, · · · , kn).
Proposition 3.3. Let C be a generalized near-group fusion category of type
(G,Γ, k1, · · · , kn). Then
(1) Γ is a normal subgroup of G.
(2) Irr(C) = G ∪ {Xs|s ∈ G/Γ}, where Xg = g ⊗X1, g ∈ G.
(3) The rank of C is [G : Γ](1+|Γ|) and FPdim(C) = [G : Γ](FPdim(X)2+
|Γ|).
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Proof. (1) By Lemma 3.2, G[g ⊗X1] = G[X1] = Γ for any g ∈ G. On the
other hand, Lemma 2.2 shows that G[g⊗X1] = gG[X1]g−1 = gΓg−1. Hence
Γ is normal in G.
(2) Let Xg = g ⊗ X1 for every g ∈ G/Γ. Since Γ = G[X1], we have
g ⊗X1 ∼= h ⊗X1 if and only if h−1g ⊗X1 ∼= X1 if and only if h−1g ∈ Γ if
and only if g = h in G/Γ. Hence the isomorphic class of Xg is well defined.
(3) Part (3) follows from Part (2). 
Remark 3.4. Let C be a generalized near-group fusion category of type
(G,Γ, k1, · · · , kn).
(1) If (k1, · · · , kn) = (0, · · · , 0) then Xi ⊗Xj is a direct sum of invertible
simple objects by Lemma 3.2. If this is the case then C is a generalized
Tambara-Yamagami fusion category introduced in [14]. In fact, it is easily
observed that C is a generalized Tambara-Yamagami fusion category if and
only if (k1, · · · , kn) = (0, · · · , 0).
(2) If C exactly has one non-invertible simple object, then G = Γ and C
is a near-group fusion category introduced in [20].
Proposition 3.5. Let C be a generalized near-group fusion category of type
(G,Γ, k1, · · · , kn). Assume that D is a non-pointed fusion subcategory of C.
Then D is also a generalized near-group fusion category.
Proof. It suffices to prove that the groupG(D) generated by invertible simple
objects of D transitively acts on Irr(D) − G(D). Let Xi and Xj be non-
invertible simple objects in D. Then there exists g ∈ G such that Xj =
g ⊗Xi. From dimHom(Xj , g ⊗Xi) = dimHom(g,Xj ⊗X∗i ) = 1, we know
that g is a summand of Xj ⊗ X∗i . On the other hand, Xj ⊗ X∗i lies in D
since D is a fusion subcategory of C. Hence g is an element of G(D). This
proves that G(D) transitively acts on Irr(D)−G(D) 
Proposition 3.6. Let C be a generalized near-group fusion category of type
(G,Γ, k1, · · · , kn). Assume that (k1, · · · , kn) 6= (0, · · · , 0). Then
(1) The adjoint subcategory Cad is non-pointed. There is a 1-1 correspon-
dence between the non-pointed fusion subcategories of C and the subgroups
of the universal grading group U(C).
(2) Every component Cg of the universal grading at least contains one
invertible simple object δ. In particular, Irr(Cg) = {δ ⊗ Xi1 , · · · , δ ⊗ Xis},
where Irr(Cad) = {Xi1 , · · · ,Xis}.
Proof. (1) For every non-invertible simple object X ∈ C, Lemma 3.2 shows
that
X ⊗X∗ =
⊕
h∈Γ
h⊕ k1X1 ⊕ · · · ⊕ knXn.
Hence the adjoint subcategory Cad is generated by Γ and Xi’s with ki 6= 0.
Let D be a non-pointed fusion subcategory of C and let Y ∈ D be a non-
invertible simple object. Then X ⊗X∗ = Y ⊗Y ∗ by Lemma 3.2. Since D is
a fusion subcategory, we get that Y ⊗ Y ∗ and hence Γ and Xi’s with ki 6= 0
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are contained in D. So Cad is a fusion subcategory of D. This shows that
every non-pointed fusion subcategory of C contains Cad. Therefore, part (1)
follows from [7, Corollary 2.5].
(2) By assumption, Cad contains a non-invertible simple object Y . Let X
be a simple object in Cg. We may assume that X is not invertible. Then
X ⊗ Y ∈ Cg ⊗ Cad ⊆ Cg. By Lemma 3.2(2), X ⊗ Y contains |Γ| invertible
simple objects. Hence Cg at least contains an invertible simple object.
Let δ ∈ Cg be an invertible simple object, and Xi1 , · · · ,Xis be all non-
isomorphic simple objects in Cad. Then δ ⊗ Xi1 , · · · , δ ⊗ Xis are non-
isomorphic simple objects in Cg. Since
FPdim(δ ⊗Xij ) = FPdim(δ) FPdim(Xij ) = FPdim(Xij ),
a dimension counting of Cg and Cad shows that δ ⊗Xi1 , · · · , δ ⊗Xis are all
non-isomorphic simple objects in Cg. This completes the proof. 
Remark 3.7. Galindo [11] introduced the notion of a crossed product ten-
sor category and gave a description of this class of tensor categories, graded
monoidal functors, monoidal natural transformations, and braidings in terms
of coherent outer G-actions over tensor categories. By definition, a graded
tensor category over a group G is called a crossed product tensor cate-
gory if every homogeneous component contains at least one invertible ob-
ject. Proposition 3.6 shows that a generalized near-group fusion category of
type (G,Γ, k1, · · · , kn) is a crossed product fusion category if (k1, · · · , kn) 6=
(0, · · · , 0).
Theorem 3.8. Let C be a generalized near-group fusion category of type
(G,Γ, k1, · · · , kn). Then one of the following holds.
(1) If (k1, · · · , kn) = (0, · · · , 0) then C is a generalized Tambara-Yamagami
fusion category.
(2) If (k1, · · · , kn) 6= (0, · · · , 0) then C is an extension of a smaller gen-
eralized near-group fusion category with trivial universal grading.
Proof. The first part is clear, it suffices to prove the second part.
If (k1, · · · , kn) 6= (0, · · · , 0) then the adjoint subcategory Cad is not pointed
and hence it is the smallest non-pointed fusion subcategory of C by Propo-
sition 3.6(1). This is because that Cad corresponds to the trivial subgroup
of U(C). Let X ∈ Cad be a non-invertible simple object. Then Lemma 3.2
shows the decomposition of X ⊗X∗ contains non-invertible simple objects.
Hence (Cad)ad is not pointed. But we have shown that Cad is the smallest
non-pointed fusion subcategory of C. Hence Cad = (Cad)ad and the universal
grading group U(Cad) of Cad is trivial. 
Theorem 3.8 shows that a full classification of generalized near-group
fusion categories is reduced to classifying such fusion categories with trivial
universal grading. We recall two examples of generalized near-group fusion
categories with trivial universal grading.
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Example 3.9. (Near-group fusion categories [20]) Let G be a finite group
and κ be a nonnegative integer. A near-group fusion category of type (G,κ)
is a fusion category C whose isomorphism classes of simple objects are given
by G and a non-invertible object X, satisfying
g ⊗ h = gh, X ⊗X =
⊕
g∈G
g ⊕ κX, ∀g, h ∈ G.
A near-group fusion category C of type (G,κ) with κ > 0 admits no
faithful grading. A near-group fusion category C of type (G, 0) is a Tambara-
Yamagami category. In this case, C admits a faithful Z2-grading.
Example 3.10. (Super-modular categories PSU(2)6 [1]) Super-modular
categories PSU(2)6 are the adjoint subcategories of the modular categories
SU(2)6. They are non-split; that is, they can not be decomposed into a
Deligne’s tensor product of a modular category and sVec.
We denote the simple objects of a super-modular categories PSU(2)6 by
1, δ,X, Y . Its fusion rules are listed below.
δ ⊗ δ = 1, δ ⊗X = Y , δ ⊗ Y = X,
X ⊗X = Y ⊗ Y = 1⊕X ⊕ Y , X ⊗ Y = Y ⊗X = δ ⊕X ⊕ Y .
It is clear that it is a generalized near-group fusion categories with trivial
universal grading.
Remark 3.11. We notice that the opposite direction of Theorem 3.8(2) does
not always hold. That is, an extension of a generalized near-group fusion
category is not necessary a generalized near-group fusion category. By [1,
Section III.G], there exists a rank 7 modular category C = C0 ⊕ C1 whose
trivial component C0 is a super-modular categories PSU(2)6. Since PSU(2)6
has rank 4, C1 has rank 3. Hence C is not a generalized near-group fusion
category by Proposition 3.6(2).
Lemma 3.12. Let C be a braided fusion category such that the universal
grading group U(C) is trivial. Then we have
(1) (Cpt)′ = C.
(2) Cpt ⊆ Z2(C).
(3) C contains sVec if and only if Z2(C) contains sVec.
Proof. (1) Since the universal grading group is trivial, we have Cad = C. By
[5, Proposition 2.1], Cad ⊆ (Cpt)′. Hence C ⊆ (Cpt)′. On the other hand,
(Cpt)′ is a fusion subcategory of C. So we have (Cpt)′ = C.
(2) By [7, Corollary 3.11], we have (Cpt)′′ = Z2(C) = Cpt ∨ Z2(C), which
shows that Cpt ⊆ Z2(C).
(3) Suppose first that sVec ⊆ C. Since Cpt is the largest pointed fusion
subcategory of C and sVec is pointed, we have sVec ⊆ Cpt. By part (2), sVec
is contained in Z2(C). The other direction is obvious. 
In the proposition below, we give a description of Mu¨ger center of a
braided generalized near-group fusion category with trivial universal grad-
ing.
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Proposition 3.13. Let C be a braided generalized near-group fusion category
of type (G,Γ, k1, · · · , kn). Assume that C is not symmetric and the universal
grading group U(C) is trivial. Then Z2(C) = Cpt.
Proof. Let X be a non-invertible simple object of C, and let C〈X〉 be the
fusion subcategory generated by X. By Remark 3.7(1), C does not contain
proper non-pointed fusion categories. Hence C = C〈X〉 since C〈X〉 is not
pointed. In other words, every non-invertible simple object can generate C.
Since we have assumed that C is not symmetric, the argument above
implies that the Mu¨ger center Z2(C) can not contain non-invertible simple
objects, hence it is a fusion subcategory of Cpt. On the other hand, Lemma
3.12 shows that Cpt is a fusion subcategory of Z2(C) since U(C) is trivial.
Hence Z2(C) = Cpt. 
4. Extensions of a Fibonacci category
In this section we will present one example of generalized near-group
fusion categories which is an extension of a rank 2 fusion category.
Ostrik classified rank 2 fusion categories in [19]. Let C be a rank 2 fusion
category with Irr(C) = {1,X}. The possible fusion rules for C are:
(1) X ⊗X ∼= 1; (2) X ⊗X ∼= 1⊕X.
If the first possibility holds true then C is pointed, and hence equivalent to
VecωZ2 for some ω ∈ H3(Z2, k∗) = Z2. Hence there are two such categories.
If the second possibility holds true then the fusion rules of C are called
the Yang-Lee rules. If this is the case, we call C a Fibonacci category.
There are two such categories. They are both non-degenerate braided fusion
categories.
Lemma 4.1. Let a, b, c, d, e ≥ 3 be unknowns. Then
(1) Equation
cos2
pi
a
+ cos2
pi
b
=
5 +
√
5
8
has unique integral solutions a = 3, b = 5.
(2) Equation
cos2
pi
c
+ cos2
pi
d
+ cos2
pi
e
=
5 +
√
5
8
has no integral solutions.
Proof. The function f(x) = cos2 pi
x
(x ≥ 3) is an increasing function on x,
and f(10) = 5+
√
5
8 . An easy examination from x = 3 to x = 10 proves the
lemma. 
A fusion category is said of category type (d0, n0; d1, n1; · · · ; ds, ns) if ni
is the number of the non-isomorphic simple objects of Frobenius-Perron
dimension di, for all 0 ≤ i ≤ s, where 1 = d0 < d1 < · · · < ds are positive
real numbers, and n0, n1, · · · , ns are positive integers.
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Theorem 4.2. Let C = ⊕g∈GCg be an extension of a Fibonacci category F .
Then
(1) C is of type (1, n; 1+
√
5
2 , n), where n = |G(C)|.
(2) For every g ∈ G, rk(Cg) = 2. Write Irr(Cg) = {δg, Yg}. Then
FPdim(δg) = 1 and FPdim(Yg) =
1+
√
5
2 .
(3) F = Cad, G = U(C) and the order of U(C) is n.
Proof. Since F = Ce and the grading is faithful, we have FPdim(Cg) =
FPdim(F) = 5+
√
5
2 , for all g ∈ G. This implies that rk(Cg) ≤ 3 for all g ∈ G.
Set Irr(F) = {1, Y } with FPdim(Y ) = 1+
√
5
2 .
If there exists e 6= g ∈ G such that rk(Cg) = 1 then we set Irr(Cg) = {Yg}.
Then Y ⊗ Yg ∈ Ce ⊗ Cg ⊆ Cg. Since Yg is the unique (non-isomorphic)
simple object in Cg, we get that Y ⊗ Yg ∼= FPdim(Y )Yg, which implies that
FPdim(Y ) is integral, a contradiction.
If there exists e 6= g ∈ G such that rk(Cg) = 2 then we set Irr(Cg) =
{δg, Yg}. We may reorder δg, Yg such that FPdim(δg) ≤ FPdim(Yg). Since
FPdim(F) = FPdim(Cg), we have FPdim(δg)2+FPdim(Yg)2 = 5+
√
5
2 , which
implies that FPdim(δg) < 2 and FPdim(Yg) < 2. By [9, Remark 8.4], there
exist integers a, b ≥ 3 such that FPdim(δg) = 2 cos pia and FPdim(Yg) =
2 cos pi
b
. Hence we have equation 4 cos2 pi
a
+ 4cos2 pi
b
= 5+
√
5
2 . Lemma 4.1
shows that a = 3 and b = 5. So FPdim(δg) = 1 and FPdim(Yg) =
1+
√
5
2 .
If there exists e 6= g ∈ G such that rk(Cg) = 3 then we set Irr(Cg) =
{Xg, Yg, Zg}. Similarly, we have an equation (c, d, e ≥ 3 are integers):
4 cos2
pi
c
+ 4cos2
pi
d
+ 4cos2
pi
e
=
5 +
√
5
2
.
Lemma 4.1 shows that this is impossible. Therefore, every component Cg
is of rank 2 and C is of type (1, n; 1+
√
5
2 , n), where n = |G(C)|. This proves
part (1) and part (2).
Since Cad is a fusion subcategory of F (see Subsection 2.1) and F does
not have proper fusion subcategory, we have Cad = Vec or F . It is clear that
Cad can not be the trivial fusion category Vec, otherwise C is pointed. Hence
Cad = F and G = U(C) has order n. 
In the rest of this section, we will keep notation as in the proof of Theorem
4.2.
Corollary 4.3. Let C = ⊕g∈GCg be an extension of a Fibonacci category F .
Then the fusion rules of C are:
Yg ⊗ Yh ∼= δgh ⊕ Ygh,
δg ⊗ Yh ∼= Ygh, Yh ⊗ δg ∼= Yhg, δg ⊗ δh ∼= δgh.
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Proof. Since Yg ⊗ Yh is contained in Cgh and Cgh only contains two non-
isomorphic simple objects, a dimension counting shows that Yg⊗Yh ∼= δgh⊕
Ygh. To prove the remained isomorphisms, it suffices to notice that they are
simple objects and contained in Cgh, Chg and Cgh, respectively. 
Remark 4.4. (1) The corollary above shows that the action of the groupG(C)
by left(or right) tensor multiplication on the set Irr(C)−G(C) is transitive.
More precisely, Yh ∼= δhg−1⊗Yg for all g, h ∈ G. Therefore, C is a generalized
near-group fusion category.
(2) It follows from Corollary 4.3 that the Grothendieck ring K(C) of C is
commutative if and only if G is commutative.
It is easy to check that the map f : U(C) → G(C) given by f(g) = δg
is an isomorphism of groups, by Corollary 4.3. Hence we get the following
corollary.
Corollary 4.5. The universal grading group U(C) is isomorphic to the group
G(C).
Let C be a fusion category, and let A,B be fusion subcategories of C. Let
AB be the full abelian (not necessarily tensor) subcategory of C spanned
by direct summands in X ⊗ Y , where X ∈ A and Y ∈ B. We say that C
factorizes into a product of A and B if C = AB. A factorization C = AB of
C is called exact if A ∩ B = Vec, and is denoted by C = A • B, see [12].
By [12, Theorem 3.8], C = A • B is an exact factorization if and only
every simple object of C can be uniquely expressed in the form X ⊗ Y ,
where X ∈ Irr(A) and Irr(B). If C is braided and C = A•B admits an exact
factorization then C = A ⊠ B a Deligne tensor product, see [12, Corollary
3.9].
Theorem 4.6. Let C = ⊕g∈GCg be an extension of a Fibonacci category F .
Then C = F • Cpt is an exact factorization of F and Cpt.
Proof. By Theorem 4.2, Irr(Cpt) = {δg|g ∈ G}. Then Corollary 4.3 shows
that every simple object in C admits the form X ⊗ Y where X ∈ F and
Y ∈ Cpt. The Theorem then follows from [12, Theorem 3.8]. 
Corollary 4.7. Let C be a braided fusion category. Suppose that C =
⊕g∈GCg is an extension of a Fibonacci category F . Then C ∼= F ⊠ Cpt
as braided fusion categories. In this case, Z2(C) = Z2(Cpt).
Proof. It is enough to show the first statement. Since Fibonacci categories
are non-degenerate, then C ∼= F ⊠ F ′, by Theorem 2.5. Since Fpt ∼= Vec,
then F ′ = Cpt, as was to be shown. 
5. Slightly degenerate generalized near-group fusion
categories
Lemma 5.1. Let C be a generalized near-group fusion category of type
(G,Γ, k1, · · · , kn). Assume that FPdim(Cpt) = |U(C)| and (k1, · · · , kn) 6=
(0, · · · , 0). Then Cad is a Fibonacci category.
GENERALIZED NEAR-GROUP FUSION CATEGORIES 15
Proof. By Theorem 3.6, every component Cg of the universal grading of C
at least has one invertible simple object. Hence every component Cg ex-
actly contains one invertible simple object by our assumption FPdim(Cpt) =
|U(C)|.
By Proposition 3.3, the number of non-isomorphic non-invertible simple
objects is not more than the order of G. In addition, Theorem 3.6 shows
that every component Cg admits the same type. Hence every component Cg
only contains two simple objects: one is invertible and the other is not. In
particular, Cad is a Fibonacci category by the classification of rank 2 fusion
categories [19]. 
The following corollary is also obtained in [21] under the assumption that
the fusion categories involved are modular.
Corollary 5.2. Let C be a braided generalized near-group fusion category of
type (G,Γ, k1, · · · , kn). Assume that C is non-degenerate. Then C fits into
one of the following classes:
(1) C ∼= I⊠B, where I is an Ising category, B is a pointed fusion category.
(2) C ∼= Cad ⊠ Cpt, where Cad is a Fibonacci category.
Proof. We first assume that (k1, · · · , kn) = (0, · · · , 0). Then Part (1) follows
from Remark 3.4 and [18, Theorem 5.4].
We then assume that (k1, · · · , kn) 6= (0, · · · , 0). Lemma 2.7 shows that
FPdim(Cpt) = |U(C)|. Hence Cad is a Fibonacci category by Lemma 5.1.
Hence C ∼= Cad⊠C′ad by Theorem 2.5, where C′ad = Cpt by [7, Corollary 3.27].
Hence C ∼= Cad ⊠ Cpt. 
To prove the theorem below, we should recall the construction from [5].
For every N ≥ 1, an N -Ising fusion category is a graded extension of a
pointed fusion category of rank 2 by the cyclic group of order Z2N . In
addition every N -Ising fusion category is strictly weakly integral. Its group
of invertible objects is isomorphic to Z2 × Z2N−1 and it has 2N−1 simple
objects of Frobenius-Perron dimension
√
2, none of which is self-dual except
in the case N = 1.
As graded extensions of VecZ2 , N -Ising fusion categories are parameter-
ized by the integer N and a 2N th root of unity ζ. The corresponding category
is denoted by IN,ζ .
It was shown that a braided N -Ising fusion category is always prime, that
is, it does not contain any non-trivial non-degenerate fusion subcategories.
It was also shown that with respect to any possible braiding, an N -Ising
fusion category is non-degenerate if and only if N = 1. Moreover, a slightly
degenerate braided N -Ising category exists if and only if N > 2.
As shown in [8], when N ≥ 2 there is another family of non-pointed Z2N -
extensions of VecZ2 . They are not equivalent to any N -Ising fusion category
and do not admit any braiding .
One of the main result in [5] is the following theorem:
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Theorem 5.3. Let C be a non-pointed braided fusion category and suppose
that C is an extension of a rank 2 pointed fusion category. Then C is equiv-
alent as a fusion category to IN,ζ ⊠ B, for some N ≥ 1, where ζ ∈ k× is a
primitive 2N th root of 1, and B is a pointed braided fusion category.
Theorem 5.4. Let C be a braided generalized near-group fusion category
of type (G,Γ, k1, · · · , kn). Assume that (k1, · · · , kn) = (0, · · · , 0) and C is
slightly degenerate. Then cd(C) = {1,√2} and C ∼= IN,ζ ⊠ B, for some
N > 2, where ζ ∈ k× is a primitive 2N th root of 1, and B is a pointed
braided fusion category.
Proof. Since we assume that (k1, · · · , kn) = (0, · · · , 0), the adjoint subcat-
egory Cad is generated by Γ and FPdim(X) =
√
|Γ| for all non-invertible
simple object X of C. In particular, [18, Proposition 5.2(ii)] shows that
|U(C)| = 2[G : Γ].(5.1)
By Proposition 2.8, |G| = 2|U(C)| or |G| = |U(C)|.
Suppose that |G| = 2|U(C)|. In this case, equality (5.1) implies that
|Γ| = 4. By Proposition 2.8, Cad contains the Mu¨ger center sVec of C.
Let δ be the invertible simple object generating sVec. Then we may write
Γ = {1, δ, g, h}. Hence X ⊗ X∗ = 1 ⊕ δ ⊕ g ⊕ h for any non-invertible
simple object X. Then dimHom(δ ⊗ X,X) = dimHom(δ,X ⊗ X∗) = 1,
and therefore δ ⊗ X ∼= X. This contradicts [10, Proposition 2.6(i)]. This
discards this possibility.
Therefore |G| = |U(C)|. In this case, equality (5.1) implies that |Γ| = 2.
Hence cd(C) = {1,√2} and C is an extension of a rank 2 pointed fusion
category. In particular, C is not pointed. By Theorem 5.3, C ∼= IN,ζ ⊠ B,
for some N , where ζ ∈ k× is a primitive 2N th root of 1, and B is a pointed
braided fusion category. The statement that N > 2 follows from [5, Lemma
4.14]. 
Before giving the proof of the following theorem, we recall the construction
from [2]. The modular categories SU(2)4k+2 are constructed as subquotient
categories of representations of quantum groups Uqsl2 with q = e
pi
4k+4 . Re-
placing q by qt with (t, 4k+4) = 1, we can get new categories with the same
fusion rules. These modular categories are denoted by C(sl2, qt, 4k + 4) and
their adjoint subcategories are denoted by C(psl2, qt, 4k + 4). The following
lemma is taken from [2, Theorem 3.1].
Lemma 5.5. Any non-split super-modular category of rank 4 is of the form
C(psl2, qt, 8) with (t, 2) = 1.
Let Irrα(C) be the set of nonisomorphic simple objects of Frobenius-Perron
dimension α.
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Lemma 5.6. Let C be a braided fusion category. Suppose that the Mu¨ger
center Z2(C) contains the category sVec of super vector spaces. Then the
rank of Irrα(C) is even for every α.
Proof. Let δ be the invertible object generating sVec, and let X be an ele-
ment in Irrα(C). Then δ ⊗X is also an element in Irrα(C). By [15, Lemma
5.4], δ ⊗X is not isomorphic to X. This implies that Irrα(C) admits a par-
tition {X1, · · · ,Xn} ∪ {δ ⊗ X1, · · · , δ ⊗ Xn}. Hence the rank of Irrα(C) is
even. 
Theorem 5.7. Let C be a braided generalized near-group fusion category
of type (G,Γ, k1, · · · , kn). Assume that (k1, · · · , kn) 6= (0, · · · , 0) and C is
slightly degenerate. Then C is exactly one of the following::
(1) C ∼= Cad ⊠ Cpt, where Cad is a Fibonacci category.
(2) C ∼= Cad ⊠ B, where Cad is a slightly degenerate fusion category of the
form C(psl2, qt, 8) with q = e
pii
8 and (t, 2) = 1, B is a non-degenerate pointed
fusion category.
Proof. By Proposition 2.8, FPdim(Cpt) = |U(C)| or FPdim(Cpt) = 2|U(C)|.
Suppose that FPdim(Cpt) = |U(C)|. In this case, Cad is a Fibonacci cate-
gory by Lemma 5.1. Hence C ∼= Cad ⊠ C′ad by Theorem 2.5, where C′ad = Cpt
by [7, Corollary 3.29]. Hence C ∼= Cad ⊠ Cpt. This proves Part (1).
Suppose that FPdim(Cpt) = 2|U(C)|. By Theorem 3.6, every component
Cg of the universal grading of C at least has one invertible simple object.
Moreover, every component Cg admits the same type. Hence every compo-
nent Cg exactly contains two invertible simple objects.
By Proposition 3.3, the number of non-isomorphic non-invertible simple
objects is not more than the order ofG. Hence the number of non-isomorphic
non-invertible simple objects in Cg is 1 or 2.
If the number of non-isomorphic non-invertible simple objects in Cg is 1
then Cad is a fusion category of rank 3. By Proposition 2.8, the Mu¨ger center
of Cad contains the category sVec. This contradicts Lemma 5.6 which says
that the rank of Cad should be even.
If the number of non-isomorphic non-invertible simple objects in Cg is
2 then Cad is a rank 4 fusion category. Let δ be the non-trivial invertible
simple object in Cad, and Y1, Y2 be the non-invertible simple objects in Cad.
Then δ generates the category sVec by Proposition 2.8(2). By [15, Lemma
5.4], δ ⊗ Yi is not isomorphic to Yi for i = 1, 2. Hence G[Yi] is trivial and
δ ⊗ Yi ∼= Yj for i 6= j.
The fact obtained above implies that if the Mu¨ger center Z2(Cad) of Cad
contains Y1 or Y2 then Z2(Cad) = Cad is symmetric. Since Cad contains
sVec, Cad is not Tannakian. In addition, FPdim(Cad) > 2. Hence if Cad is
symmetric then it should admit a Z2-extension of a Tannakian subcategory
by [7, Corollary 2.50]. This contradicts Remark 3.7 which says the universal
grading group of Cad is trivial. This proves that Z2(Cad) can not contain Y1
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or Y2. Hence Z2(Cad) = sVec and Cad is slightly degenerate. By Lemma 5.5,
Cad is a fusion category of the form C(psl2, qt, 8) with q = e
pii
8 and (t, 2) = 1.
By Proposition 2.8(2) and the arguments above, Z2(Cad) = Z2(C′ad) =
sVec. On the other hand, [7, Proposition 3.29] shows that C′ad = Cpt. Hence
Cpt is slightly degenerate and admits a decomposition Cpt ∼= sVec⊠B by [10,
Proposition 2.6(ii)], where B is a non-degenerate pointed fusion category.
So C admits a decomposition C ∼= B ⊠ B′ by Theorem 2.5. Counting rank
and Frobenius-Perron dimensions of simple objects on both sides, we obtain
that B′ is a rank 4 non-pointed fusion category. By Remark 3.7, Cad is the
smallest non-pointed fusion subcategory of C. Hence Cad = B′. This proves
Part (2). 
Combing Theorems 5.4 and 5.7, we obtain the classification of slightly
degenerate generalized near-group fusion categories.
Theorem 5.8. Let C be a slightly degenerate generalized near-group fusion
category. Then C is exactly one of the following:
(1) C ∼= IN,ζ ⊠B, for some N > 2, where ζ ∈ k× is a primitive 2N th root
of 1, and B is a pointed braided fusion category.
(2) C ∼= Cad ⊠ Cpt, where Cad is a Fibonacci category.
(3) C ∼= Cad ⊠ B, where Cad is a slightly degenerate fusion category of the
form C(psl2, qt, 8) with q = e
pii
8 and (t, 8) = 1, B is a non-degenerate pointed
fusion category.
Corollary 5.9. Let C be a slightly degenerate generalized near-group fusion
category. Suppose that the universal grading group U(C) is trivial. Then
C ∼= C(psl2, qt, 8).
Proof. Since U(C) is trivial, C can not be equivalent to IN,ζ ⊠ B. Then
C ∼= F or C(psl2, qt, 8) by Theorem 5.8, where F is a Fibonacci category. But
Proposition 3.13 shows that Z2(C) = Cpt = sVec. Hence C ∼= C(psl2, qt, 8).

6. Braided generalized Tambara-Yamagami fusion categories
The following lemma is direct.
Lemma 6.1. Let X be an object in a fusion category C. If X⊗X∗ contains
22i−1 copies of trivial simple object 1 then X at least contains 2i simple
objects (duplicate objects are numbered by multiplicity).
Recall from [18, Section 5] that if C is generalized Tambara-Yamagami
fusion category then FPdim(X) = FPdim(Y ) for all non-invertible simple
objects X and Y . In particular, FPdim(X) =
√
|Γ|, where Γ is the stalizer
of X under the action of G(C). Thus the adjoint subcategory Cad coincides
with the fusion subcategory generated by Γ, and we have cd(C) = {1,
√
|Γ|},
where cd(C) is the set of Frobenius-Perron dimensions of simple objects in
C. The dimension of a generalized Tambara-Yamagami fusion category is
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always even, more precisely it is equal to 2|G(C)|. In fact, we have the
following characterization .
Lemma 6.2. Let C be a fusion category. Then C is a generalized Tambara-
Yamagami fusion category if and only if |cd(C)| = 2 and C = C0 ⊕ C1 has a
Z2-grading, where C0 contains all invertible simple objects, C1 contains all
non-invertible simple objects.
Let C be a braided generalized Tambara-Yamagami fusion category. Then
C is nilpotent. By [6, Theorem 1.1], there exist prime numbers 2 = p1 <
p2 < · · · < pr such that C = Cp1 ⊠ Cp2 ⊠ · · · ⊠ Cpr , where Cpi is a braided
fusion category of dimension pnii for some ni > 0. Since p2, · · · , pr are odd
primes, Cp2 , · · · , Cpr are pointed fusion categories. Hence, C2 is the unique
generalized Tambara-Yamagami fusion subcategory of C. It follows that the
classification of braided generalized Tambara-Yamagami fusion categories C
is reduced to the case when FPdim(C) is a power of 2.
Let C be braided generalized Tambara-Yamagami fusion categories of di-
mension 2n. By [10, Theorem 2.11], we may assume FPdim(X) = 2i if C is
integral or FPdim(X) = 2j
√
2 if C is not integral, for every non-invertible
simple object X in C, where i ≥ 1, j ≥ 0.
Theorem 6.3. Let C be a braided generalized Tambara-Yamagami fusion
category of dimension 2n. Then
(1) Suppose that C is integral and cd(C) = {1, 2i}. Then C is a G-
equivariantization of a pointed fusion category, where G is an Abelian group
of order 22i−1. In particular, C is group-theoretical.
(2) Suppose that C is not integral and cd(C) = {1, 2i√2}. Then C is a
G-equivariantization of some IN,ζ⊠B, where G is an Abelian group of order
22i−1, and B is a braided pointed fusion category.
Proof. Suppose that E = Rep(G) ⊂ C is a Tannakian subcategory. Let CG
be the de-equivariantization of C by E and F : C → CG be the corresponding
forgetful functor. Then E is the kernel of F ; that is, F (g) is some copies of
the trivial object 1 for every simple object g ∈ E .
Let X be a non-invertible simple object in C. Then
X ⊗X∗ =
∑
g∈E
g ⊕
∑
h∈Γ−E
h.
Applying the forgetful functor F , we have
F (X)⊗ F (X)∗ = 1⊕ · · · ⊕ 1︸ ︷︷ ︸
FPdim(E)
⊕
∑
h∈Γ−E
F (h).
(6.1)
(1) The adjoint subcategory Cad with dimension 22i is symmetric by
Lemma 2.4, since it is pointed. By Theorem 2.3, we get a Tannakian sub-
category E = Rep(G) of dimension FPdim(Cad)/2 = 22i−1.
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The Equation 6.1 shows that F (X) is not simple and has at least 2i simple
objects by Lemma 6.1. The fact that FPdim(F (X)) = FPdim(X) = 2i
hence shows that F (X) is a direct sum of 2i invertible simple objects. So
we get that F (Z) is a direct sum of invertible simple objects for any simple
object Z in C.
On the other hand, [7, Lemma 4.6(iii)] shows that every simple object
in CG is a direct summand of F (Z) for some Z ∈ C. We thus show that
every simple object in CG is invertible. That is, CG is pointed. Hence C is
a G-equivariantization of a pointed fusion category CG. Finally, C is group-
theoretical by [17, Theorem 7.2].
(2) Assume C is of type (1,m22i+1; 2i√2,m), see Lemma 6.2. By [7, Theo-
rem 3.14], we have FPdim(Cad) FPdim((Cad)′) = FPdim(C) FPdim(Cad∩C′).
Then FPdim((Cad)′) = 2mFPdim(Cad ∩ C′). By the proof of Lemma 2.4,
(Cad)′ contains Cpt as a fusion subcategory. Hence FPdim(Cad ∩ C′) ≥ 22i.
By Theorem 2.3, we get a Tannakian subcategory E = Rep(G) of dimen-
sion FPdim(Cad ∩C′)/2 = 22i−1. Then Equation 6.1 shows that F (X) is not
simple and has at least 2i simple objects. On the other hand, FPdim(F (X)) =
FPdim(X) = 2i
√
2 which shows that F (X) is a direct sum of 2i simple ob-
jects with dimension
√
2. Again by [7, Lemma 4.6(iii)], we know that the
simple objects in CG have dimension 1 and
√
2. Hence CG is an extension
of a pointed fusion category of rank 2, by [5, Corollary 3.2] or [4, Corollary
3.3]. Finally, CG is braided by [10, Remark 2.3] since E is contained in C′. It
follows from Theorem 5.3 that CG ∼= IN,ζ⊠B, for some N ≥ 1, where ζ ∈ k×
is a primitive 2N th root of 1, and B is a pointed braided fusion category. 
Remark 6.4. The result in Theorem 6.3 (1) can also be obtained by [6,
Theorem 6.10] and [17, Theorem 7.2]. However, our result presents the
explicit information on the group G.
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